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Abstract 

Meandering beams, crenellated surfaces, and zigzag-shaped electrodes are employed as compliant elements in 

micro-scale applications ranging from springs attached to proof masses in micro-electro-mechanical systems 

(MEMS) to stretchable electrodes in flexible electronics and dielectric elastomer actuators.  An understanding of 

how the meander shape affects the stiffness of these structures would permit preliminary design without the 

necessity of fabricating or running simulations on each case.  In this paper, we present general guidelines for 

designing meandering cantilevers, showing how the amplitude, angle, length, and thickness affect both the axial and 

bending stiffnesses.  Simple analytical expressions are derived, and the results are compared with those from 

numerical simulations and experimental measurements.  The more complex case of a stiff thin film overlying a 

crenellated elastomer is also simulated.  

 

Keywords:  axial stiffness, bending stiffness, stretchable electrode, corrugated, crenellated, analytical model, FEM, 
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1 Introduction 

Meandering paths are widely used to decrease the stiffness of mechanical structures, including inplane zigzags or 

serpentines and out-of-plane crenellation or corrugation.  This allows one to retain desired properties, such as the 

high conductivity of a metal or high strength of silicon, without having to employ another material of substantially 

lower modulus that may not have the same performance or compatibility with standard fabrication methods.  For 

example, meandering polysilicon paths have been used to create springs to tether proof masses in microresonators 

[1], tunable capacitors[2], and RF switches [3].   

 

Meander paths and crenellation are also often used to form stretchable electrodes from metal films, which are 

required in flexible displays [4], stretchable circuits [5], flexible antennas [6], and dielectric elastomer actuators 

(DEAs) [7].  (Patterned metals, unlike some other compliant electrodes, have the advantage of compatibility with 

standard microfabrication processes).  The metal is typically deposited onto a supporting compliant substrate.  For 

example, the rupture strain (ductility) of a single crystal Au film is 1-1.5%  [8]; however, patterning the metal films 

inplane allows it to undergo strains of up to 100% without rupture [10-14] and with minimal change in conductivity 

[13].  Patterning in-plane is typically achieved by photolithography [15], while out-of-plane deformation has been 

produced by molding the surface [16] or by depositing a metal onto a stretched substrate that is later relaxed to form 

wrinkles [17].   
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The stiffness of crenellated structures has previously been obtained by summing up, in parallel or in series, the 

stiffness of each individual segment, obtained using the expression for the stiffness of a cantilever [2,18].  This can, 

however, under- or over-estimate the stiffness [3] because the interaction among segments is not considered.  A 

closed-form analytical solution for the specific case of a rectangular crenellated cantilever with guided-end 

boundary conditions has been derived [1].  Numerical simulations have been performed for specific shapes 

(rectangular, trapezoidal, sinusoidal) under specific boundary conditions (such as both ends fixed, or one end fixed 

and the other end guided) [1,3,19].  However, extrapolation to other geometries requires new simulations.  Thus, 

while the stiffness of a limited number of crenellated shapes has been studied analytically [1], numerically [19,20], 

and experimentally [1], a design guide exploring the effects of the meander shape has not been presented.   

 

In order to facilitate the evaluation of the effects of the design parameters, this paper determines the axial and 

bending stiffness of meandering cantilevered structures (one end fixed and the other free) as a function of their 

geometry (Figure 1), where stiffness (given by the spring constant k) was found from the force required to achieve a 

unit displacement (or vice versa).  The basic unit making up the beam structures (Figure 1b) considered in this study 

comprises two sides of a trapezoid, as shown in Figure 1a.  The key parameters varied in this investigation were the 

tilt angle  measured from the horizontal, the amplitude A, and the length of the horizontal segment H.  When 

 = 90° a square wave results from concatenating these basic units, and for H = 0, a triangle wave is formed.  Other 

shapes considered in this study were sinusoidal and sawtooth.   

 

To permit rapid estimation of the axial and bending stiffnesses and to understand how the various parameters affect 

them, simple analytical expressions that account for the dominant contributions to stiffness have been derived based 

on classical beam theory.  The stiffness was also determined using 2D numerical simulations, and the results are 

within 6% of each other for axial stiffness and 10% for bending stiffness.  Thus, despite their simplicity, the 

analytical models are surprisingly accurate, and they can be readily used to approximate the stiffness of various 

shapes without the need for FEM.  In addition, the values for several of the shapes were validated experimentally.   

 

 
Figure 1.  a) Parameters defining the beam geometry.  b) A trapezoidal example of the 3-period beams used in this work.  

The fixed-free boundary conditions and the axial and bending displacements are indicated.  c) Schematic illustration of 

the primary deformations of the horizontal (blue) and tilted (red) segments of the basic unit during axial elongation 
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induced by an applied force F in the axial direction.  (left) Horizontal component H of deflection due to a moment M 

acting on the horizontal segment (blue).  (right) Horizontal component T of deflection due to bending of the tilted 

segment (red).  See section 3.1 for details.     

 

The first key parameter that was varied was the tilt angle .  We show that the axial and bending stiffness both 

decrease with :   the axial stiffness kx dropping by a factor of 4 and the bending stiffness ky by a factor of 2 as  

increases from 45° to 120°.  Secondly, the amplitude A was varied for a rectangular crenellation ( = 90°).  The 

axial stiffness decreases strongly with crenellation height, being proportional to 1/A
3
, while ky is less affected, being 

proportional to 1/A.  We also find that axial stiffness is unaffected by the addition of horizontal segments at the 

vertical center, but their addition off the vertical center lowers kx (Section 3.5).  Bending stiffness depends instead 

on the overall length of the structure, not the vertical position of additional horizontal segments.   

 

Lastly, using numerical simulations we examined the more complex case of a thin film overlying an out-of-plane-

corrugated elastomer of varying thickness (Section 3.6).  Such structures are found in compliant electrodes [16] and 

dielectric elastomer actuators [16,21].  We show that for this “filled” structure, at 2A = 0 (no crenellation) the axial 

stiffness of the filled structure is approximately equal to that of the metal film.  Increasing the crenellation amplitude 

reduces the axial stiffness by orders of magnitude until it reaches the elastomer stiffness.  The bending stiffness for 

the filled structure with 2A = 0 is already close to that of the elastomer alone.  It initially increases somewhat with 

crenellation amplitude, reaches a maximum, and then decreases until it levels off at the elastomer stiffness.  

Crenellation therefore has only a minor effect on bending stiffness, but if it is to be used, care must be taken in 

designing the crenellation to achieve the desired value.   

 

 

2 Methods 

In the simulations, the stiffness was determined by subjecting each structure to a known displacement (axial 

displacement u or bending displacement v, Figure 1b) and calculating the reactive force, F.  For the analytical 

estimates, a force, F, was applied to the structure and the total displacement,  due to deformations of the vertical 

and horizontal segments was found using basic beam theory.   

 

2.1 Numerical Simulations 

The numerical simulations were developed using COMSOL Multiphysics version 3.5a, a finite element modeling 

tool.  The 2D structural mechanics plane-stress application mode was used with free triangular meshing and 

assuming small static prescribed deflections.  In the plane-stress mode, the z-components of the stress tensor are 

assumed to be zero and the loads are constant throughout the width of the material.  More detailed information about 

the model can be found in the Supplementary Information.   

 

The left end boundary of the structure was fixed, and a small prescribed displacement (well below the elastic limit) 

was applied at the right end of the corrugated beam (Figure 1b).  For determining axial stiffness, the displacement u 

was 1 µm.  The reaction force in the x-direction was determined by integrating the reaction force at the right hand 

boundary.  The reaction force divided by the prescribed displacement gave the axial stiffness.  (The boundary 

condition was such that the reaction force in the y-direction was zero, so the beam could deflect freely in the y-

direction.)  Similarly, the bending stiffness was determined by applying a 1 µm displacement v perpendicular to the 

tip of the cantilever and determining the reaction force in the y-direction.  (The boundary condition was such that the 

reaction force in the x-direction was zero, allowing the cantilever to deflect freely in x-direction).  Model validation 

was conducted on a straight cantilever beam (see Supplementary Information).  The axial and bending stiffnesses, kx 

and ky, were normalized by the width of the beam and the elastic modulus of the material, so they are dimensionless 

(
N / m

m Pa
).   
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For crenellated elastomeric (low modulus) structures with an overlying high-modulus thin film, the modulus of the 

elastomer was kept constant at 1 MPa and the modulus of the electrode was varied from 5 to 100 GPa.  The clamped 

left side of the structure was kept fixed, and on the free right side equal displacement was applied to both materials.  

The stiffness was obtained as described above.  Because two materials were used in these structures, it was not 

possible to normalize by the modulus, so the combined beam stiffness was instead normalized by the width of the 

beam and the stiffness units are N/m
2
.   

 

2.2 Experimental Methods 

Using a paper printout stencil, a 0.8 mm diameter copper (Cu) wire was manually bent using pliers to the desired 

angles to give a structure of three periods, as shown in Figure 1a and as used in the simulations.  Each period  was 

8 cm long, making L = 24 cm.  The length to thickness ratio was L/t = 300 to allow the results to be readily 

compared to the simulations.  Bulk Cu has a modulus E  = 120 GPa [22].  In order to compare the experimental 

results to the analytical and numerical models, the 800 m diameter wire was treated as a square beam with 

thickness t = width w = 800 m. 

  

For axial stiffness testing, the Cu wire was fixed vertically at the top, weights (5, 10, 20, 30, 40 g) were hung at the 

bottom, and the deflections were recorded.  The wire was unloaded between tests to confirm the absence of 

permanent deformation (that the loading was within the elastic regime).  The stiffness was found from the slope of 

the load-deflection plot.  For bending stiffness testing, the Cu wire was fixed horizontally on the left side and 

weights were hung on the right side.  Because larger deflections were observed, smaller weights were used (0.28, 

0.56, 0.84, 1.12, 1.4 g).  (For a picture of the experimental setup, further details, and the displacement data, see 

Supplementary Information) 

 

 

3 Results 

3.1 Analytical Estimation of Axial Stiffness 

To estimate the axial stiffness of the trapezoidal beams, the deflection of a single unit (Figure 1a) was found using 

beam theory, and the total deflection was obtained by multiplying the deflection of the unit by the number of units.  

(A more detailed derivation is given in the Supplementary Information.)  Briefly, the applied force F produces a 

moment M = A × F on the horizontal segment of the unit, H, where A is the amplitude, or distance of segment H 

above the center line, and is the length of the moment arm.  This causes H to bend, angling the vertex connected to 

the tilted segment, T, by H [23]: 

(1) 
H

MH FAH
sin

EI EI
  

, 

where H is given in radians, H is the length of horizontal segment H, E is the Young’s modulus of the material, and 

I is the moment of inertia of the segment.  Thereby, the tilted segment T is rotated, deflecting the tip of T by H 

(Figure 1c):

(2) 

2

H H

FA H
Asin

EI
  

. 

 

The tilted segment T is treated as a cantilever beam fixed at the top end.  A force F applied at the tip of a cantilever 

generates a deflection T given by [23]: 



5 

(3) 

 
3

3 90

3 3

H

T

A
F cos

FT sin
sin

EI EI

 


 

 
   

  
, 

where T is the length of segment T. 

 

Summing the two deflections,  = H + T, taking the stiffness kx = F/n, where n is the number of periods in the 

beam, and using I = wt
3
/12 for a rectangular cross section, the axial stiffness of the beam is given approximately by: 
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2
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3.2 Analytical Estimation of Bending Stiffness 

A reasonable analytical estimate of the bending stiffness requires a more complex treatment than the one for the 

axial stiffness because the moment arm is not constant throughout the beam but depends on the distance of the 

segment from the end and because terms that were neglected above are not insignificant here.  Deflections and 

rotations caused by both force and moment must be considered.  Figure 2 shows the various segments and 

dimensions in the meander.   

 

 
Figure 2.  Schematic of a meander structure with n = 3 periods of length  showing the numbering of the segments as well 

as the angle and moment arm for segment i = 9.     

 

Before the structure is subjected to a force at the tip, the length of the moment arm for the i
th

 horizontal segment is: 

(5) 









n

LiA
LL

i

i
22tan

,  i = even (horizontal segments) 

where n is the number of periods and the length of the first segment is Tcos = A/tan since A = Tcos(-

90) = Tsin.  In what follows, the Li are assumed not to change significantly during bending, which is valid for 

small deflections.  The length of the moment arm for the i
th

 vertical or tilted segment is: 

(6) 






 


n

LiA
LL

i

i
22

)1(

tan
,  i = odd (vertical segments) 

except for i = 13, for which it is zero because the moment at the end of the beam is zero.   

 

Each segment contributes four components to the deflection (Figure 3).  This is illustrated for an arbitrary segment i 

of length Bi at an angle i.  The segment is treated as if it is rigidly attached on the left side.  For simplicity, the 

portion of the meander to the right of the segment is represented as a horizontal line.  Figure 3a shows the position 

before the force is applied.  The total deflection at the tip is found by summing the four contributions.   
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Figure 3.  Illustration of the four contributions to the deflection at the rightmost tip of the structure from a beam segment 

of length Bi rigidly mounted on its left and attached to a horizontal section of length Li.  a) Before application of the force 

at the tip.  b)  Deflection i,F at the tip of the segment due to segment bending caused by the component of force 

perpendicular to the endpoint of the segment and the resulting deflection i,dF at the endpoint.  c) Tilt of the horizontal 

section due to the bending angle i,F arising from the bending in (b).  d)  Deflection due to beam bending caused by the 

moment M on the segment.  e) Tilt of the horizontal section due to the bending angle i,M.   

 

In response to a force perpendicular to the tip of the meander (Figure 3b), the segment will deflect as if it 

experienced a force Fcosi perpendicular to its endpoint, leading it to deflect an amount i,F in that direction.  This 

produces a deflection at the endpoint of the meander of  

(7) i,dF = i,F cosi,  

where the subscript i indicates the segment number, d a contribution due to deflection, and F a contribution due to 

the force.  The tip of the segment is rotated, as a result of the deflection, by an angle i,F, tilting the portion of the 

meander to its right by this angle (Figure 3c).  The tilt results in a deflection at the meander endpoint of  

(8) i,F = Li sini,F,  

where the subscript  indicates a tip deflection due to tilt. 

 

The force at the tip of the meander furthermore results in a moment Mi = F × Li on the segment.  The moment also 

leads to a deflection of the segment (Figure 3d), this deflection having a magnitude i,M, where the subscript M 

indicates that the deflection is due to the moment.  This appears at the meander endpoint as a deflection of 

magnitude  
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(9) i,dM = i,M cosi.   

This beam bending again causes the portion of the meander to the right of the segment to tilt (Figure 3e), and the 

meander endpoint to displace by  

(10) i,M = Li sini,M. 

 

Beam theory was used to evaluate the four contributions [23].  The deflection due to force is given by 

 EI

BF ii
Fi

3

)cos( 3

,


 

, 

and the angle i,F is given by  

 EI

BF ii
Fi

2

)cos( 2

,


 

.  

The displacement i,M is given by  

(13) EI

BFL

EI

BM iiii
Mi

22

22

, 
, 

and, finally, the rotation due to moment is given by 

(14) EI

BFL

EI

BM iiii
Mi 

2

,
. 

The deflection at the tip of the meander due to segment i is found by summing the four terms. 

(15) 
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For small rotations, sini,F  i,F andsini,M  i,M, allowing Equation (15) to be simplified as follows. 

(16) 

  3 2 2

2 2
2

3 2 2

3
i

i i i i i i i i
i i i i i

i i i
i i i

F cos B ( F cos )B FL B FL B
cos L cos L

EI EI EI EI

FB B cos
L B cos L

EI

 
  




   
      

  

 
   

     
The total deflection at the tip of the cantilever is the sum over all the segments except the last (i = 13): 

(17) 

4 4 1 4

1 1

2 3 2

n n n

i iT iH

i i odd ,i i even,i

     


    

      
, 

where the subscripts H and T indicate the horizontal and vertical segments.  The total number of segments is 4n:  2n 

horizontal segments and 2n vertical segments.   

 

If one takes into account changes in the angles i due to the tilt of segments to their left, then for i > 1: 

(18) 

 
1

1

i

i j ,F j ,M

j

   




  
. 

However, a reasonable estimate can be obtained by treating  as constant.  In that case, for i = odd (tilted or vertical 

segments), i = , and for i = even (horizontal segments) i = 0 and cosi  = 1.  For i = 1, Bi = T; for i = odd, 

Bi = 2T, and for i = even, Bi = 2H.  In this case, we can write: 
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(19) 
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The bending stiffness ky is then given by: 

(20) 

F
k y 

. 

 

3.3 Beam Shape 

The effect of beam shape for various trapezoidal configurations was investigated, varying  (and thereby 

simultaneously H); sinusoid and sawtooth shapes were also examined.  The amplitude was fixed at A = 25t, where 

t = 1 m is the beam thickness, and for each beam, three periods of 100 m length were used.  (In the simulations, to 

ensure that the displacement was applied at the vertical midline, additional short horizontal sections 2.25 m in 

length were affixed at each end making the total length of the beam L = 304.5 µm.)  The smallest angle allowing that 

combination of A and L is  = 45°, and the largest angle that gives a shape for which the line does not cross itself is 

130°; we stopped at 120°.  (Although not shown here, while the stiffness values vary with t, the dependence of 

stiffness on  is unvarying with t.)  It should be noted that axial tension in the x-direction causes a comparable size 

displacement in the y-direction.   
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Table 1.  Stiffness of beams with a length of three periods, amplitude A = 25t, and varying shapes, normalized to the 

stiffness of a straight beam of the same length and thickness.   

 
The results of the simulations, analytical estimates, and experimental measurements are presented in Table 1 in 

order of decreasing axial stiffness, normalized by the stiffness of the straight beam to give a relative stiffness.  For 

this amplitude, crenellation reduces the axial stiffness by four orders of magnitude.  (The effect of varying amplitude 

is examined in the next section.)  Bending is much less affected, being reduced in the best case by 63%.   

 

3.3.1 Axial Stiffness 

The agreement between the simulation, analytical, and experimental results for the axial stiffness kx in Table 1 was 

good, as illustrated in Figure 4a.  The difference between the FEM result and the analytical estimate was at most 

1.5% except for the sawtooth, for which it was 6%.  The difference between the experimental and analytical results 

was at most 3% except for the triangle, for which it was 15%.   
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Figure 4.  a) Axial stiffness relative to that of a straight beam as a function of corrugation angle for an amplitude A = 25t 

found by simulation, analytical estimation, and experimentally.  b) Displacement of the horizontal (H) and vertical (T) 

segments, normalized to the total axial displacement of the rectangle (rect).    

 

The relative stiffness decreases monotonically with angle .  The triangular shape ( = 45°) has the highest relative 

axial stiffness (2.9 x 10
-4

), while the trapezoid with  = 120° has the lowest (0.7 x 10
-4

), a factor of four smaller.  In 

comparison with the 10
-4

 drop in stiffness due to crenellation of this amplitude, this difference is relatively small.  

The rectangular shape is a good choice because it has one of the lowest stiffnesses and is typically the easiest to 

fabricate.   

 

The reason for the dependence on  is elucidated in Figure 4b, which shows the contributions of the displacements 

H and T due to the horizontal and tilted segments relative to the total displacement of the rectangular shape.  (I.e., 

Trap(49) has H/rect = 0.1, meaning that the axial displacement due to the horizontal segment is 10% as large as the 

total axial displacement of the rectangle.  Trap(49) also has T/rect = 0.33, so its total axial displacement H + T is 

43% as large as for the rectangle.)  The bending of the tilted segment is almost constant across the different shapes, 

but because of the increasing length of the horizontal segments for the shapes with larger  (H depends linearly on 
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H by Equation (2), and H depends linearly on ), the relative contribution of H to the total displacement increases 

with .  (Recall that a larger displacement under the same force means a lower stiffness.)  

 

The axial stiffnesses of the sinusoidal and sawtooth beams lies between the trapezoids with  56.5° and 63.5°.  The 

sinusoidal case cannot be solved with our analytical model, but the sawtooth result was found by summing the 

contributions of the tilted and vertical components (for this shape, H = 0).  The sawtooth is softer than the triangle, 

although both have H = 0, because it has greater number of segments (12 versus 6), giving a greater total length.   

 

3.3.2 Bending Stiffness 

There was also good agreement between the simulations, analytical results, and experiments for the bending 

stiffness ky, as illustrated in Figure 5a.  The difference between the FEM results and the analytical estimates was at 

most 10%.  The difference between the experimental and analytical values was at most 18%.  This discrepancy was 

primarily due to a systematic offset of the experimental values, which were uniformly lower by 15 + 2.5%.  The 

trend, however, followed exactly as expected.  The specimens for meander beam experiments were made by hand-

bending the shapes, so the corners were rounded.  This offset was more prominent in bending than in axial loading 

(compare Figure 4a) because the change in stiffness was smaller.   

 

As for the axial stiffness, the bending stiffness relative to that of a straight beam decreases with , from 0.72 at 45° 

to 0.37 at 120°.  The decrease in bending stiffness of the meander is again due to the lower stiffness of the longer 

horizontal segments, which undergo greater deflection (Figure 5b).  The bending stiffness of the sinusoidal structure 

follows the same trend, but the bending stiffness of the sawtooth is comparable to that of the rectangle.   

 

Figure 5(c) shows the fraction of bending displacement contributed by each of the terms in Equation (15) for the 

vertical segments.  The main contributing factor for the tilted segment is δT,M, the tilting of the cantilever due to the 

moment, and the contribution of this term increases with α.  Although this term looks large and the other 3 terms 

small, ignoring the other 3 terms gives large percentage of error when comparing different shapes.  The terms δT,dM 

and δT,F are the same magnitude, and they decrease with , going to zero for the rectangle (α = 90°) and then going 

negative (i.e., causing a deflection in the –y direction).  The term δT,dF decreases with α and also goes to zero for a 

rectangle, but then it slightly increases again for α > 90°.  Since only the δT,M contributes to the bending deflection 

for the rectangle, this simplifies the bending stiffness equation for that shape (see Equation (19)).   
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Figure 5.  a) Relative bending stiffness as a function of corrugation angle for an amplitude A = 25t found by simulation, 

analytical estimation, and experimentally, with the stiffness normalized to that of a straight beam.  b) The fraction of 

bending displacement due to bending of the horizontal (H) and vertical (T) segments given by the analytical approach in 

(a), normalized by the total displacement of the rectangular crenellation.  The relative contributions to (c) T and (d) H 

by each of the four terms again normalized by the total displacement of the rectangular crenellation.     

 

Figure 5(d) shows the fraction of bending displacement contributed by each of the terms in Equation (15) for the 

horizontal segments.  Since the triangle does not have the horizontal segment, all four terms are zero.  Just as for the 

vertical segments, the main contribution is from δH,M, the tilting of the cantilever due to the moment.  The terms 

δT,dM and δT,F are again of comparable magnitudes.  The term δH,dF contributes the least.  Looking at this another 

way, increasing  increases H, and Equation (14), the largest contributor, increases linearly with H.  This results in 

the bending stiffness actually being proportional to the total length of the structure (for a given A), as shown in 

Figure 6.   
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Figure 6.  Bending stiffness (FEM values) verses the total beam length for the different shapes.   

 

3.4 Effect of Amplitude  

For  ≠ 90°, the amplitude A will be limited by the period length.  Only for a rectangular crenellation can A be 

increased without modifying the period.  Here we consider, for the rectangular crenellation, the effect of amplitude 

on the bending and axial stiffness.   

 

3.4.1 Axial Stiffness 

By Equation (4), the most effective way to reduce the axial stiffness of the beam is to decrease its thickness t, since 

that comes in as the cube.  For a given thickness, however, the most effective way to achieve a more compliant 

beam is to increase the amplitude of the meander or corrugation, A.  Figure 7a shows the effect on the axial stiffness 

kx of varying A for a rectangular crenellated beam ( = 90, H = 25).  The simulation results are shown together with 

the analytical estimate.  For this case, the normalized axial stiffness is: 

 

 

3 3

22 144144
33

x

H

k t t

AEw Acos
A HA H


 

   
   

   .

 

As usual, the amplitude is given in units of thickness and the stiffness is reported relative to that of an uncorrugated 

(straight) beam.   
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Figure 7.  a) Axial stiffness (simulation, analytical estimation, and experimental) relative to that of a straight beam as a 

function of crenellation amplitude, where A is normalized by the beam thickness t.  b) The fraction of axial displacement 

due to bending of the horizontal (H) and vertical (T) segments, given by the analytical approach.     

 

Values from the FEM simulations and the analytical estimate were once again close.  For A = t (a crenellation 

amplitude equal to the beam thickness), the difference was 5.5%, and the difference dropped rapidly to < 1% for 

A > 3t (for a plot, see Supplementary Information).  This is a remarkably good match, within the 1-3% error of the 

FEM simulations.  The experimental results followed the same trend but were once again systematically lower by 

10%.   

 

The axial stiffness falls rapidly with increasing A.  For a metal film 1000 Å thick, a crenellation height of 1 m 

(A = 10t) reduces the stiffness by three orders of magnitude compared to A = t, and for crenellation height of 2.5 m, 

four orders of magnitude.  These amplitudes are readily achievable with standard microfabrication approaches, both 

inplane (by photolithographic patterning) and out-of-plane (by etching, molding).  

 

Figure 7b gives the fraction of axial beam displacement due to the bending of the horizontal and vertical segments.  

For small A, the dominant contribution to the lowering of the stiffness comes from the bending of the horizontal 
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segment (Figure 7b), which has a length of 25 m (Figure 1a).  The bending of the vertical segment becomes more 

significant when A = 75t (= 0.75 = 3H), as expected from Equation (21).   

 

3.4.2 Bending Stiffness 

According to the analytical model, the bending stiffness of the rectangle is (Supplementary Information for the 

derivation): 

(22)  
)736(2

3
23

3

ALL

t

Ew

k y




 
This expression has a linear dependence on 1/A, whereas the axial stiffness depends on 1/A

3
, accounting for the 

much smaller effect of crenellation.  The bending stiffness drops by less than 50% for a crenellation amplitude of 10, 

compared to a factor of greater than 1000 for the axial stiffness.   

 

Figure 8a shows the bending stiffness from the analytical model, FEM simulations, and experiments.  Differences 

between the FEM simulations and the analytical estimate are less than 2.7% (for a plot of the differences, see 

Supplementary Information).  The experimental values follow the same trend, but with the usual offset.   

 

The relative contributions to the deflection from the horizontal and vertical segments are shown in Figure 8b.  

Again, as expected, for small A the dominant contribution to the lowering of the stiffness comes from the bending of 

the horizontal segments.  From Equation (22), the vertical segments become of equal importance when 

A = Lt/12 = 300t/12 = 25t.  Thereafter, the moments acting on the vertical segments become more significant.   
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Figure 8.  a) Bending stiffness (simulation, analytical estimation, and experimental) relative to that of a straight beam as a 

function of crenellation amplitude.  b) The fraction of bending displacement due to bending of the horizontal (H) and 

vertical (T) segments, given by the analytical approach.     

 

3.5 Straight Regions at the Horizontal Center of Symmetry 

Straight horizontal sections placed at the vertical center of the structure do not bend upon the application of a force 

in the x-direction, and so were not expected to contribute to lowering the axial stiffness.  To confirm this hypothesis, 

FEM simulations were performed on triangular beams ( = 45°, A = 25t, one period length, 2 m long end-

attachments) upon changes in the lengths and positions of additional horizontal segments.  The structures therefore 

differed in length.  Table 2 shows the results.   
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Table 2.  Axial and bending stiffness found by FEM for a triangular beam with added straight regions of varying length 

and vertical position, normalized by the triangular shape.   

Straight 

Regions,  

Length 

Straight 

Region, 

Locations 
Length Schematic 

Relative Axial 

Stiffness 

Relative Bending 

Stiffness 

0 – 100 

 

1.00 1.00 

20 center 120 
 

1.02 0.62 

10 both ends 120 

 

1.00 0.63 

10, 5 
center, both 

ends 
120 

 

1.02 0.63 

5 peaks 110 

 

0.81 0.77 

10 peaks 120 
 

0.69 0.62 

5, 10 peaks, center 120 

 

0.82 0.62 

 

As expected, the axial stiffness is essentially unaffected by the addition of straight sections at the vertical center of 

symmetry (since they do not bend upon the application of a force in the x-direction), either in the middle of the beam 

or at the ends.  The addition of small straight sections off the vertical center, however, lowers the stiffness, as was 

also seen in Figure 4.  The off-center sections bend and thus contribute to increase overall deflection. 

 

As shown above, the bending stiffness is proportional to the total length of the structure.  This remains true upon the 

addition of horizontal segments anywhere, which serve to increase the length:  the bending stiffness again decreases 

linearly with total length.   

 

3.6 Elastomer under a Crenellated Beam 

Metal out-of-plane crenellations and inplane meanders have been used to form compliant electrodes on elastomeric 

substrates.  To fabricate the former, a metal film can be deposited onto an elastomer having a corrugated surface, as 

demonstrated by Benslimane and Gravesen [16] and subsequently patented and used by Danfoss PolyPower A/S in 

their commercial DEA material [24].  The corrugation can be formed by techniques such as molding or etching, 

producing angled corners.  Alternatively, the metal can be deposited onto a stretched elastomer, spontaneously 

forming smooth sinusoid-like wrinkles when the elastomer is relaxed [17].  To form inplane meanders, a metal film 

can deposited onto a flat elastomer substrate and patterned photolithographically into a meander line.  Extensive 

modeling and experimental work has been done on the inplane meanders [5,9,11-13,25-32], so it will not be 

discussed here.   
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An elastomer with one rectangular crenellated surface coated by an electrode (Figure 9) was modeled by FEM to 

find the structure’s axial and bending stiffness.  The thickness telast. is the thickness of the elastomer underneath the 

crenellated part, from the flat bottom surface of the elastomer to the trough of the crenellated electrode.  The 

amplitude 2A, electrode thickness t, structure length L, and period  are defined the same way as above.  

 

 
Figure 9.  Schematic of an elastomer with a crenellated, electrode-covered top surface and a flat uncoated bottom surface.  

(a) In one set of FEM simulations, 2A was varied and the other dimensions were kept fixed at telast. = 50 m,  = 100 m, 

L = 305 m, t = 1 m.  (b) In a second set of simulations, the percentage of elastomer filling was increased with the 

electrode dimensions fixed.  The lines show the levels at which 100% and 200% of the crenellation are filled.     

 

The effect on stiffness from filling the crenellated shape with an elastomer is shown in Figure 10.  The filling 

percentage P is measured from the top of the electrode and given as a fraction of 2A:  at 100% the crenellation is 

completely filled (Figure 9b).  In these simulations, the Poisson’s ratio,  for the electrode was 0.34, which is a 

typical value for a metal [22], and for the elastomer it was  = 0.49, the value for PDMS [33]. 

 

The axial stiffness kfx of the filled structure is sigmoidal with P (Figure 10a), showing little change up to 50% filling.  

Above 50%, kfx increases quasi-linearly with P until 200%, and then it flattens out to approximately twice the 

unfilled stiffness.  The axial stiffness of the filled structure is thus dominated by the electrode stiffness, as is 

confirmed below. 
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Figure 10.  The (a) axial and (b) bending stiffness of a rectangular crenellated beam as a function of elastomer filling 

amount (t = 1 m, 2A = 25 m, Eelectrode = 120 GPa, and Eelastomer = 10-3 GPa).     

 

The bending stiffness kfy follows an x
3
 relationship with thickness added to the original structure (Figure 10b).  Thus, 

filling to 100% does not significantly change the bending stiffness, but thereafter the stiffness increases as P
3
.  

(Thicknesses greater than 300% were not explored in our study).  Unlike for the axial case, the bending stiffness 

becomes dominated by the elastomer.   

 

To gain insight into the shape of the curves in Figure 10, the electrode modulus Eelectrode was varied between 5 and 

120 GPa while keeping the elastomer modulus Eelastomer constant at 10
-3

 GPa.  Six different crenellation amplitudes 

were studied between 2A = 2 m and 200 m for a metal film thickness of t = 1 µm.  The crenellated area was in all 

the combined cases completely filled, and under the crenellation was an elastomer of thickness telast. = 50 m (as 

illustrated in Figure 9a).  The stiffness is plotted versus the ratio of the moduli Eelectrode/Eelastomer and versus the 

crenellation height (2A) in Figure 11.  Crenellated electrodes alone are shown for comparison, and for these Eelectrode 

was divided by the 10
-3

 GPa modulus of elastomer.  The crenellated elastomer alone is also included (as for the 

combined structure, 50 m of elastomer plus a 2A crenellation height above that), Eelectrode = 0.  This is therefore 

drawn as a horizontal line for visualization.  (The elastomer stiffnesses for the different 2A overlap and so cannot be 

distinguished.)  Adding the 2A = 25 m crenellated electrode (open black triangles) and the 2A = 25 m elastomer 

(horizontal gray line) yields the dashed gray line.  The axial stiffness of the straight beam (2A = 0) with underlying 

elastomer thickness 50 m is too large to be included in Figure 11a (it is 4 orders of magnitude greater than the 
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crenellated structures, as presented in Table 1), but the bending stiffness of the straight beam is shown as the red line 

in Figure 11b.  (The kfx for 2A = 2 µm and 6 µm are also much larger and lie beyond the scale of Figure 11a.)  

 
Figure 11.  a) Axial and b) bending stiffness of the combined elastomer + metal structure shown in Figure 9 as a function 

of the electrode:elastomer stiffness ratio for different crenellation amplitudes 2A and a 50 m thickness of elastomer 

under the crenellation (blue symbols, top).  Filled triangles indicate the structure of Figure 10 with P = 200%.  Also shown 

are the stiffnesses of the crenellated electrodes alone (black symbols, bottom), the crenellated elastomer alone (50 m + 

2A, solid gray line), and the sum of these two (dashed gray line).  The red line in (b) shows the bending stiffness of a 50 m 

thick layer of PDMS with an overlying flat metal film (2A = 0).  c) Axial and d) bending stiffness of the structure as a 

function of 2A for three values of Eelectrode/Eelastomer (solid lines are guides to the eye).     

 

Looking at the axial stiffness of the combined structures (blue symbols) in Figure 11a, the axial stiffness increases 

with Eelectrode/Eelastomer for all values of 2A, as expected.  Also, the expected lowering of stiffness with crenellation 

height is seen, just as for the electrode alone (black symbols).  One might, however, have assumed that the combined 

axial stiffness kfx would be close to that found by the simple addition of the individual electrode and crenellated 

elastomer stiffnesses, but that is not the case.  Comparing the 25 m combined structure (solid blue triangles) with 

the sum (dashed line) of the electrode alone (open triangles) and the elastomer alone (solid line), the combined 

structure is offset upward by a constant 10
5
 N/m

2
.  The interaction between the electrode and the elastomer arising 

from bonding the two constrains the axial motion, raising kfx.  Another thing to note in Figure 11a is that when 2A is 
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large, unlike for the electrode alone, the combined structure’s axial stiffness increases sublinearly with the modulus 

of the electrode.   

 

Figure 11c shows the dependence of kfx on 2A for two values of the relative electrode stiffness.  (The range of values 

in Figure 11a is indicated to allow comparison of the two plots.)  There are two distinct regimes of behavior:  (1) 

electrode stiffness dominated and (2) elastomer stiffness dominated.  The initial slope at small 2A is consistent with 

the results of Figure 7, where the axial stiffness of the crenellated electrode decreases as 1/A
3
; for illustration, the red 

line in Figure 11c decreases as 1/A
3
.  For larger 2A, above 50 µm, the stiffness approaches that of the crenellated 

elastomer alone, shown by the gray line.  This plot illuminates the curves in Figure 11a:  for 2A < 50 m, where the 

crenellated electrode dominates, there is a linear relationship between kfx and Eelectrode/Eelastomer.  For 2A > 50, where 

the elastomer dominates, there is a nonlinear relationship between kfx and Eelectrode/Eelastomer because kfx approaches a 

constant value.   

 

Figure 11b shows the variation of bending stiffness kfy with Eelectrode/Eelastomer.  As in the case of the axial stiffness, kfy 

is not a simple addition of the individual electrode and crenellated elastomer stiffnesses.  Furthermore, the combined 

structure is in some cases stiffer than the straight beam (red line), and in other cases less stiff.  Looking first at the 

smallest corrugation, 2A = 2 m, the stiffness is close to that for the uncrenellated beam, being offset slightly 

upward.  This is as expected.  For 2A = 6 m, the slope is greater, but for the smallest Eelectrode/Eelastomer values, the 

structure is actually less stiff than the straight beam.  This curve, and the later ones, are also nonlinear.  This trend 

continues for 2A = 15 m, which is almost half as stiff as the straight beam for small Eelectrode/Eelastomer, equally stiff 

at Eelectrode/Eelastomer = 30x10
3
, and thereafter increasing even more strongly with Eelectrode/Eelastomer than 2A = 6 m did.  

For larger values of 2A, the curves all have the same stiffness at small Eelectrode/Eelastomer.  However, the slopes reverse 

trend and become less steep with increasing 2A.  In fact, with further increases in crenellation amplitude, the 

stiffness decreases.   

 

Showing the data as a function of 2A in Figure 11d for three values of Eelectrode/Eelastomer again helps to explain the 

behavior.  At 2A = 0 the beam is uncrenellated.  Unlike for axial stiffness, adding a small crenellation actually 

initially increases the bending stiffness kfy.  It reaches a peak at 2A ≈ 15 m, then decreases and levels off above 

2A ≈ 50 m to a value that is lower than that  of the flat beam.  (The 2A = 50 m point with telast. = 50 m 

corresponds to P = 200% in Figure 10.)  Like in Figure 11c, for large crenellations the stiffness becomes 

independent of 2A.  Increasing values of Eelectrode/Eelastomer, result in an overall upshift in stiffness as well as a shift in 

peak position to higher values of 2A.  These results mean that for bending structures, both 2A and 

Eelectrode/Eelastomer must be chosen to ensure the desired behavior, with both lesser and greater stiffness than a straight 

beam possible, depending on the parameters.  A bending dielectric elastomer actuator with one straight electrode 

and one crenellated electrode could bend either toward or away from the straight side by changing the design.  It 

should be noted, however, that changes in bending stiffness with crenellation are relatively small (the y-axis is 

linear) compared with changes in the axial stiffness (for which the y-axis has a log scale).   

 

 

4 Discussion and Conclusions 

We have presented design guidelines based on analytic models derived from beam theory for using out-of-plane 

crenellation or inplane meandering to reduce the stiffness of a beam.  We have derived relatively simple analytical 

expressions that can be readily applied and that accurately predict the axial and bending stiffness.   

 

The effect of crenellation on axial stiffness is substantially larger than it is on bending stiffness.  For both, 

decreasing the beam thickness and increasing the angle of the vertical-going segments lowers stiffness.  Increasing  

affects axial stiffness primarily by increasing the length of the off-midline horizontal segments, while it affects 

bending stiffness primarily by increasing the total length of the beam.  However, the most effective way to reduce 

the axial stiffness is by increasing the height of the crenellations, which can lower it by orders of magnitude. 
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Curved meanders are preferred over those with sharp corners because the latter experience larger stress 

concentrations that can lead to premature failure upon repeated extension.  However, from a microfabrication point 

of view, out-of-plane sinusoidal curves are more challenging to fabricate than trapezoidal structures.  (One can 

produce any desired shape inplane by creation of an appropriate mask.)  Instead, one can readily produce out-of-

plane rectangular crenellation by anisotropic dry etching of the substrate, trapezoidal crenellation with  = 54.7° by 

Si anisotropic wet etching, and partially curved structures by isotropic wet etching.  With other fabrication methods, 

corrugated shapes are produced by bending or folding sheets, strips, or wires, and weaving results in sinusoidal-like 

corrugation.   

 

When fabricating axial devices, appropriated space for extension must be provided.  Thus, it is important to note that 

axial tension in the x-direction leads not only to displacement in the x-direction, but also to displacement in the y-

direction because of out-of-plane deformation of the crenellated shapes [34].  For a 1 m prescribed displacement in 

x, a more than 1 m displacement occurs in y.  For bending, on the other hand, displacement in the y-direction is not 

coupled to significant x-displacement.   

 

Elastomer-filled, metal-film-coated structures with moderate crenellation amplitudes are a thousand times less stiff 

when stretched in the axial direction than uncrenellated beams, approaching the stiffness of the elastomer alone.  

Even a small crenellation decreases the axial stiffness dramatically.  However, the situation is quite different for 

bending, which is weakly affected by crenellation.  While for large crenellations the bending stiffness drops 

somewhat, at low crenellation amplitude the stiffness is actually higher than that of a straight beam.  Thus, when 

designing crenellated bending structures, appropriate values of the electrode stiffness and crenellation height must 

be chosen to achieve the desired behavior.   

 

 

Acknowledgements 

We would like to thank Mr. Zhao Zhang for valuable discussions and guidance.  We would like to thank Deepa 

Sritharan for independently duplicating some of the experiments.  The material in this paper is based on work 

supported by the National Science Foundation under grant no. CNS 0931878.   

 

 

Supplementary Material 

The supplementary information includes information about the COMSOL simulation, model validation, and 

experimental data.  In addition, the axial stiffness derivation and the simplification of bending stiffness to 

rectangular crenellation are given.  Finally, the difference between the analytical and FEM for various amplitudes of 

rectangular crenellation is also illustrated.   
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SI-1.  Simulation:  Implementation and Computational Parameters 

Governing Equations  

The software package COMSOL Multiphysics (version 3.5a) was used for implementing the 

numerical simulations.  COMSOL solved the following discretized structural mechanics partial 

differential equation (PDE): 

(SI-1)  σ⋅−∇=F , 

where F is the force vector and ∇ is the differential operator [1].  The stress tensor σ  was 

classically defined as: 
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where xσ , yσ , and 
zσ  are the normal stresses acting in the x, y, and z directions, respectively, 

and xyτ , xzτ , and yzτ  are the shear stresses.  The notation xyτ  denotes that the shear stress acts on 

face x in the y-direction.  Similarly, the classical strain tensor [2] was defined as: 
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with u, v, and w defined as the displacements in the x, y and z directions, respectively, xε , yε , 

and 
zε  as the normal strains, and xyγ , yzγ , and xzγ  as the shear strains. 

 

Using classical structural mechanics, the relationship between the strain and stress tensors is 

obtained by reorganizing the strain and stress tensors into a six-element vector form, which 

simplifies the numerical simulation.  The relationship between the stress and strain vectors is 

(SI-5)  εσ D= , 

where D is the elasticity matrix.  By observing that three elements in the stress tensor are 

equivalent to three others (see equation (SI-2)), one can write 
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The elasticity matrix is then a 6 x 6 matrix defined as: 
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where E is the Young’s modulus and v is Poisson’s ratio.  The above equations can be solved to 

give the displacement (or strain shown in equation (SI-5)) of an object from the induced stresses 

(calculated from the applied forces in equation (SI-1)) and the material properties described by 

the displacement matrix (equation (SI-7)). 

 



Boundary Conditions and Constraints 

Discretization involves breaking the geometry into small volume elements (mesh elements).  The 

stresses, strains, and resultant deflections are calculated for each element based on its mechanical 

properties (in this case, the Young’s modulus and Poisson ratio) and the specified boundary 

conditions.   

 

The simulation was two-dimensional (2D), meaning that it looked at the cantilever cross section 

and did not consider changes in the width direction (z direction).  This saved computation time 

without loss of accuracy.  To simplify to two dimensions, the third dimension was accounted for 

by specifying that it held no stress (
zσ , xzτ , and yzτ  are zero).  This assumption is reasonable for 

structures whose out-of-plane width is much greater than their length.  Agreement between the 

full 3D and the 2D model was checked for the case rectangular crenellation with A = 25; results 

were within 7%.   

 

The boundary conditions for the 2D model are summarized in SI_Table 1, completing the 

definition of the model.  The reaction forces acting upon the entire structure are determined by 

solving the model.  The structure’s reaction forces are computed by integrating over the right-

hand boundary (determined using equation (SI-1)) subject to the requirement that the sum of all 

forces acting upon a structure is zero.   

 

SI_Table 1.  Boundary conditions used in the simulations. 

Boundary Physical Interpretation Definition 

Left hand boundary No horizontal or vertical 

movement. 

u = 0, v = 0 

Right hand boundary Prescribed physical 

displacement 

u = uprescribed  or v = vprescribed 

All other boundaries Continuity Solved by Equations (SI-1) - (SI-7) 

 

Meshing 

With any finite element modeling (FEM), the mesh size must be sufficiently small to capture the 

physics, including any steep gradients in the solutions that might occur at edges, corners, and 

interfaces.  Mesh refinement, a technique in which the mesh element size is systematically 

reduced, was enacted until the solution converged to a stable value (a variation of ≤ 1%); in most 

instances 2 to 3 mesh refinements were sufficient.  The shape of the mesh is also a consideration.  

We used a free (not fixed or uniformly sized) triangular (not quad) mesh because it ensured that 

the physics were accurately captured for any geometry:  curves can be modeled more accurately 

using triangular meshes compared to square or quad meshes [1].   

 

Solving 

The COMSOL solver UMFPACK, an unsymmetric multifrontal method designed to solve 

asymmetric sparse linear systems [3], was used to solve the system of equations, and it was 

sufficient to generate a converged solution.  Issues with convergence arose when the model was 

displaced by large values (on the order of the length of the model, A = 100); this problem was 

resolved by fixing the structure at a single point instead of along a boundary.   

 



Post-Processing 

In order to obtain accurate values for the reaction force under a prescribed displacement, the 

displacement in the perpendicular direction must be free to change, meaning that the right-hand 

boundary only contains a prescribed physical displacement in the x-direction (or y-direction) for 

axial (bending) stiffness.  This ensures that the force exerted upon the structure is in only a single 

direction while allowing the structure to freely deform, and thereby to compensate for that 

geometric change.  As mentioned previously, the model’s reaction forces due to the prescribed 

displacement are determined by integrating the reaction forces (equation (SI-1) from the solved 

model) at the right hand boundary.   

 

 

SI-2.  Model Validation with Cantilevered Rectangular Beam  

The axial stiffness of a rectangular cantilevered beam is given by [2], 

(SI-8) 

 

L

Ewt
kx =

, 

and its bending stiffness is given by   

(SI-9) 

 

3

3

4L

Ewt
ky =

, 

where E is the Young’s modulus, w is the width of the beam, t is its thickness, and L is its length. 

 

As a control to check that the COMSOL simulations were working properly, the stiffness of a 

straight cantilevered beam was found.  The beam was 1 µm thick and had a length L varying 

from 100 to 500 µm.  Since this was a 2D simulation, the width w was set to be essentially 

infinite so that the stress is the width direction could be considered zero; in practice this was 

done by setting w = 1 m.  A displacement of 1 µm in the +x direction (along the long axis of the 

beam) was prescribed, and the x-direction reaction force was determined.  This strain was small 

compared to the length and smaller than the plastic strain limit of the material.  The axial 

stiffness was determined by dividing the reaction force by the displacement:  kx = Fx/x.  

Similarly, to determine the bending stiffness a 1 µm displacement was applied perpendicular to 

the tip of the cantilever, and the y-direction reaction force was determined:  ky = Fy/y.  As 

described above, it was necessary to not set the displacement in the other direction equal to zero.   

 



 
SI_Figure 1. Stiffness versus cantilever length.  The blue symbols are the FEM results while 

the black lines are the analytical solutions using Equations (SI-8) and (SI-9) for (a) axial 

stiffness and (b) bending stiffness.   

 

There was close agreement between the FEM and analytical results for both axial (SI_Figure 1a) 

and bending (SI_Figure 1b) stiffness.  This validates the correct implementation of the FEM and 

allows us to proceed with some confidence to modeling more complicated structures. 

 

 

SI-3.  Experimental Data 

SI_Figure 2 shows the experimental configuration that was used to measure axial and bending 

stiffnesses.  Copper (Cu) wire of 0.8 mm diameter was bent into one of the simulated shapes and 

fixed at one end with a clamp.  There were 3 periods, and each period was 8 cm long.  

 

To measure the axial stiffness, the Cu beam was placed vertically and increasing loads between 5 

and 45 g were applied at the bottom (SI_Figure 2a).  For bending tests, the Cu beam was placed 

horizontally and increasing loads were applied at the tip (SI_Figure 2b).  A printed grid with line 

spacings of 1 mm was placed behind the wire cantilever to allow measurement of the 

displacement.  Close-up images of the tip of the beam were recorded using a digital camera 

(Sony SLT-A33), from which the deflections were obtained.  Readings were taken to the nearest 

1 mm.  The slope of the load-deflection curve gave the stiffness.  Between measurements, the 

position of the beam tip was measured to ensure that there had been no permanent deformation. 



 
SI_Figure 2.  Configuration for the experimental measurement of (a) axial and (b) bending 

stiffness.  The ruler shows the scale.     

 

SI_Table 2 shows the measured displacement for the five shapes and the plain beam.  Four 

nominally identical shapes with rectangular crenellation (α = 90°, A = 25) were fabricated and 

tested to determine the variability due to fabrication differences.  Two identical triangular beams 

were also tested, and a single structure was made for the other shapes.  Variability due to 

mounting and unmounting was investigated by measuring on different days (Rect #1 and Trap 

(110,68)).  A small mass (5 g for axial and 0.12 g or 0.28 g for bending) was applied to ensure 

that the structures were straight before further loads were added, and this point was treated as the 

zero deflection point.  The structures were systematically loaded and then unloaded to confirm 

that there was no difference in the loading and unloading events.   

 



SI_Table 2.  Experimental displacements for loads applied axially and perpendicularly to 

the beams.   

Beam
Load

(g)

Axial 

Displacement

(mm)

Load

(g)

Bending

Displacement

(mm)

0.18 3, 3, 3

0.43 8, 8, 8

0.70 12,12,12

5 1, 2 0.28 9, 8

15 3, 4 0.56 17, 16

25 5, - 0.84 25, 25

35 7, 8 1.12 34, 32

45 9, 10

5 1, 2 0.28 8, 7

15 4, 4 0.56 16, 15

25 6, 7 0.84 24, 22

35 8, 8 1.12 31, 29

45 10, 10

5 3, 3, 3, 3, 3 0.18 10, 9, 9, 9

0.43 22, 21, 21, 21

15 9, 9, 9, 9, 9 0.70 34, 32, 32, 32

25 14, 14, 15, 15, 15

5 3, 4 0.28 14, 15

10 7, 7 0.56 27, 28

15 9, 9 0.84 39, 39

25 15, 15 1.12 52, 52

35 20, 20

5 2 0.28 13, 13, 12, 12

10 5 0.56 25, 24, 25, 24

15 8 0.84 34, 34, 35, 35

25 16 1.12 46, 45, 45, 45

35 23

5 3, 3, 3 0.28 13, 11

10 6,  -,  5 0.56 23, 22

15 8, 5, 7 0.84 33, 31

25 14, 11, 12 1.12 43, 41

35 16, 16, 17

5 2, 3 0.28 15, 14

10 5, 5 0.56 26, 27

15 10, 8 0.84 40, 38

25 15, 13 1.12 53, 50

35 16, 17

5 8, 9, 8, 8 0.28 14, 14, 19, 20

15 21, 22, 20, 22 0.56 34, 30, 36, 34

25 34, 33, 33, 34 0.84 47, 45, -, 47

35 47, 45, 45, 45 1.12 59, 55, 62, 60

5 13, 14, 15 0.28 19, 16, 19, 16, 17,18, 18, 18

10 25, 28, - 0.56 36, 34, 34, 33, 34, 34, 31, 34

15 44, 39, 41 0.84 53, 50, 49, 47, 48, 48, 50, 50

25 66, 66, 67 1.12 66, 61, 66, 63, 65, 65, 61, 60

5 4, 4, 4, 5 0.18 10, 9, 9, 10

0.43 23, 22, 22, 22

15 12, 11, 11, 12 0.70 35, 34, 34, 34

25 18, 17, 18, 19

5 4, 4 0.28 19, 14

10 7, 7 0.56 32, 27

15 12, - 0.84 48, 42

25 19, 18 1.12 64, 57

35 27, 27

Straight Beam

Rectangular

(A = 50)

Triangular

(A = 25)

Beam #2

Rectangular

(A = 25)

Beam #1

Day 2

Trap (110, 68)

(A = 25)

Day 2

Triangular

(A = 25)

Beam #1

Rectangular

(A = 25)

Beam #1

Day 1

Rectangular

(A = 25)

Beam #2

Rectangular

(A = 25)

Beam #4

Rectangular

(A = 25)

Beam #3

Rectangular

(A = 37.5) 

Trap (110, 68)

(A = 25)

Day 1

 
 



SI_Figure 3 shows bending displacement under consecutive loading and unloading cycles.  

There was no sign of hysteresis, and the slopes of the eight lines varied by at most 3%.  Thus, we 

remained in the elastic regime, and increasing or decreasing loads can be treated as equal in 

performing further analysis.  

 
SI_Figure 3.  Displacement versus bending load for a rectangular crenellated beam with 

A = 50 during loading and unloading.  Inset: one loading-unloading cycle, with the 

directions indicated by arrows.     

 

SI_Figure 4 shows the average displacement (averages of the displacements for each load for 

each beam from SI_Table 2) for four nominally identical rectangular crenellated structures 

(A = 25) in axial and bending loading.  Beam # 1 (dotted line – linear fit) was tested on two 

separate days to measure repeatability after unmounting and re-mounting.  The two linear fit 

lines overlap for axial loading and are close for bending.  The stiffness of the beam is given by 

the inverse of the slope of the linear fit.  Stiffnesses determined for beam #1 on the two different 

dates were within 0.04% for axial and 1.35% for bending.  Thus, variation due to mounting was 

small. 

 



 
SI_Figure 4.  (a) Axial and (b) bending displacement vs. applied load for four rectangular 

crenellations with A = 25.     

 

The standard deviations of the slopes of the four nominally identical rectangular beams were at 

most 12% for axial extension (SI_Figure 4a) and 10% for bending (SI_Figure 4b).  Even though 

the structures were hand made, the data showed good reproducibility in fabrication.  However, in 

comparison to repeated testing of the same beam on two separate days or repeated testing of a 



beam several times, this error was much higher, as would be expected.  Thus, the dominant error 

in these experiments is from the fabrication process.   

 

SI_Table 3 shows the axial and bending stiffness values that were used the main text.  Bending 

stiffness was normalized to the experimentally determined stiffness of the straight beam; axial 

stiffness values were normalized to the rectangular crenellation with A = 25, set to 1x10
-4

 based 

on the analytically-obtained ratio of this to the straight beam (see section 3.3 in the main text).   

 

SI_Table 3.  Axial and bending stiffness values calculated from the data in SI_Table 2.  

Standard deviations are given if multiple measurements were performed.  

 kx (N/m) ky (N/m) 
Normalized  

kx (x10
-4

) 

Normalized  

ky 

Beam - 0.562 
 

1.00 

Triangular (A = 25) 44.05 ± 3.00 0.347 ± 0.022 2.45 0.62 

Rectangular (A = 25) 17.98 ± 2.19 0.223  ± 0.023 1.00 0.41 

Trap (110,68) (A = 25) 13.32 ± 0.13 0.190 ± 0.011 0.75 0.34 

Rectangular (A = 37.5) 7.46  0.179 0.42 0.32 

Rectangular (A = 50)  3.67 0.170 0.20 0.30 

 

 

SI-4.  Axial Stiffness Derivation, Detailed 

The stiffness of a crenellated structure can be estimated with beam theory.  The following 

assumptions were made in these derivations. 

• The applied force is small and does not cause plastic deformation. 

• The deflections are small, so the small-angle approximation, sinθ ≈ θ, can be used.  (The 

largest deflection that the beams experienced was 10°, and even at 14° the error from 

using this approximation is still only 1%.)   

• The beam has a uniform thickness t, a uniform width w, and an isotropic, uniform 

modulus E. 

 
SI_Figure 5.  Schematic of a cantilever structure with one period split into four parts.     

 



The structure can be divided into constituent parts (SI_Figure 5), each comprising a horizontal 

segment H and a tilted or vertical segment T.  Each unit (spring) experiences the same applied 

force F.  The total deflection of the structure is estimated to be equal to the sum of the 

deflections of these parts.  The stiffness of the structure is given by the force divided by the total 

displacement, and the displacements of all the unit parts are assumed to be equal.  If there are 3 

periods each made up of 4 unit parts, then 

(SI-10) 1 2 12 12
x

F F F
k

...δ δ δ δ δ
= = =

+ + +
. 

 

The displacement of the unit part is found by summing the displacements due to the motions of 

H and T.   

 

Contribution of H 

Consider first the deformation of the horizontal segment H (SI_Figure 6a).  The force produces a 

moment M = F x A that causes H to bend, where A, the amplitude, is the distance that the 

horizontal segment is vertically offset from the parallel line of force.  The decrease in the x-

position of the rightmost tip of this unit due to this bending of H is relatively small and is 

neglected.  However, the change in angle θH (SI_Figure 6b) at the point where H and T meet 

causes segment T to tilt and, thereby, to deflect in the +x direction by δH. 

 
SI_Figure 6.  (a) The unit part under consideration.  (b) Rigid body rotation of segment T 

due to the deformation of segment H.  The axial force creates a moment M acting on H 

(force x offset, M = F x A), and this causes a rigid body rotation of T, producing a 

deflection δδδδH.  (c) T is treated as a cantilever beam experiencing a point load at the tip.  The 

axial force causes a deflection δδδδT.  The total deflection is the sum of deflections δδδδH and δδδδT.     

 

The rotation θH is given by [2]: 

(SI-11) 
H H

MH FAH
sin

EI EI
θ θ≈ = =

, 

where θH is given in radians, H is the length of the horizontal section, E is the Young’s modulus 

of the material, and I is the moment of inertia.  The deflection δH is then found using 

(SI-12) 
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Contribution of T 

Consider next the bending of the tilted segment T caused by a force F at the tip (SI_Figure 6c).  

If a force F’ is applied perpendicular to a beam of length T then the deflection is given by [2]:   

(SI-13) 
3

3
T

F' T

EI
δ =  . 

The length of the tilted segment T is equal to A/sinα, and the force is applied not perpendicular 

but at an angle θ + 90 - α from the perpendicular.  The displacement in x is therefore the 

displacement perpendicular to the beam multiplied by sinα.  The equation becomes: 

(SI-14) 
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since F’ =  F cos(θH + 90 - α).  

 

Obtaining the Axial Stiffness 

The axial stiffness is found by summing the two deflections (SI_Figure 6): 

(SI-15) 
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If the device has a rectangular cross-section, then I = wt
3
/12, where w is the width and t is the 

thickness.  Then kp for the unit part equals 

(SI-16) 
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and kx for a structure of 12 parts is 

(SI-17) 
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Note: because sin(180 - α)  = sin(α), the following two geometries (SI_Figure 7) have equivalent 

stiffness if all the horizontal segments have the same length. 

 



   
SI_Figure 7.  Two geometries with equivalent stiffness.     

 

 

SI-5.  Simplification of Bending Stiffness for Rectangular Crenellation 

For a rectangular crenellation cosαi = 0 for the odd-numbered terms since αI = 90°.  Equation 

(19) in the main paper then simplifies to: 
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For n = 3,  

(SI-19) 
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Substituting  Li for the odd and the even terms into Equation (SI-18) yields: 
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Further rearrangement and combination gives: 
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and the total deflection becomes: 
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Since, for a rectangular crenellation, T = A and L = 6 (2H), Equation (SI-23) can be simplified as 

follows: 
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For a rectangular cross-section, I = wt
3
/12 and 

δ

F
ky = .  Substituting into Equation (SI-24) 

yields: 
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SI-6.  FEM Results vs. Analytical Estimates 

The values from the FEM simulations and the analytical estimates for the axial and bending 

stiffnesses of the rectangular crenellated beam were shown in Figure 7a and Figure 8a  of the 

main text.  The difference in the values,  
FEM

AnalyticalFEM −
, is shown as a function of amplitude 

in SI_Figure 8, normalized by thickness.  The difference was at most 5.5% for the axial stiffness 

and 3% for the bending stiffness, being greatest at small amplitudes when A ≈ t.  



 

 
SI_Figure 8.  For the rectangular beam in Figure 7a and Figure 8a of the main text, the 

difference between the FEM and analytical a) axial stiffness b) bending stiffness values.     
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